This is a theoretical and numerical study of a model of a rope fountain subject to a drag force that depends linearly on the rope velocity. A precise, analytical description of the long-term shape adopted by the rope is given, and various consequences are derived from it. Using parameters that naturally appear in the model, we distinguish between cases wherein energy is conserved by means of a constant tension far from the rope source (the 'free' case) and where energy conservation is a consequence of a nonconstant tension (the 'braked' case). The model is used, among other things, to generate rope fountain shapes based on approximate experimental estimates of the parameter values and a careful numerical treatment. 1 In the case of turbulent air flow, the standard model would set the magnitude of the drag force proportional to the square of the rope speed [7] , and using this model would significantly change our equations.
Introduction
We present and analyse a continuum model of the socalled rope fountain, whereby a rope flowing along its length as it falls under the action of gravity creates a fountain shape. This is an attempt at a rigorous treatment of the problem in the presence of an affine drag force. By focusing on an affine drag force, we exclude alternative ways of modelling dissipation, but our approach yields tractable equations of motion that are solvable in a closed implicit form.
The previous work on this problem in the context of chains includes (i) an experimental approach by Biggins & Warner [1] , (ii) a discrete-to-continuum model due to Pfeiffer & Mayet [2] , and (iii) various online media, a useful guide to which can be found in [1] . The rigorous paper of Virga [3] attacks chain paradoxes in configurations that do not correspond to chain fountains, but contains a thorough survey of the literature relating to falling chains. The mechanics and equations of motion of strings (which word we use interchangeably with rope throughout this paper) more generally are skilfully dealt with in the study by Antman [4] . We describe the rope fountain as a steady or a standing curve, and this approach partly echoes that of [4, ch. 6, §4] , where the drawing and whirling of strings are treated. During this sort of motion, the string occupies a steadily rotating rigid space curve, which can be viewed as (the 'profile' of) a travelling wave.
The rope fountain phenomenon can be demonstrated in a simple experiment, which the authors carried out using standard climbing rope, the results of which are recorded in videos [5, 6] . It should be noted that the purposes of the experiment are (i) to show that rope, as opposed to chain, can also produce a fountain and (ii) to estimate orders of magnitude of the parameters needed to model the phenomenon and whose values are a priori unguessable. The experiment is in no way intended to be definitive.
We model the inextensible rope as a planar curve {x(s, t): s ≥ 0; t ≥ 0}, (1.1) where s is a variable representing arc length, t is time and the vector x lies in planar Euclidean space R 2 . Note that because the rope is supposed to be flowing, arc length has to be handled carefully to take into account the addition of 'new' rope to the system. Postponing these details to §2, we remark that (1.1) can be thought of as modelling the mid-rib of the rope rather than the rope itself.
In the interests of realism, our model includes dissipation, which could arise from drag due to air resistance or resistance by the rope to bending; in reality, both are likely to play a part. To simplify matters, we opt to model dissipation purely via a drag force −φv, where φ is a parameter and v is the rope velocity. This corresponds to the drag owing to laminar, as opposed to turbulent, air flow around the rope [7] , and has the considerable advantage that the resulting equations of motion become solvable in a closed form, thereby providing us with detailed analytical and numerical insights into the solutions. 1 We note that Airy [8] made a similar assumption about the drag applied to a cable as it moved through water during the process of deposition on the sea floor; he obtained solutions to the resulting system of equations in implicit form. In principle, energy can be both stored in and dissipated by the bent rope, and, indeed, a more sophisticated model would take account of this effect, in particular in cases of small radius of curvature. However, our priority has been to include dissipation in some form, since (i) no real rope fountain can be dissipationless; (ii) its presence enables us to compute, simply, a terminal speed of the rope; and (iii) it is interesting to see how the presence of dissipation affects the resulting fountain shape. In addition, the linear drag model chosen has the advantage that the resulting equations are tractable.
The aim of the present work is to understand the mechanics of and shape adopted by a flowing rope fountain. This requires us to define carefully what we are modelling, which is best explained with reference to figure 1. In brief, we model the motion of the rope to the right of the point O in this figure, O being the origin of a Cartesian coordinate system. We assume that the rope moves under the action of gravity and that its speed, v 0 , is constant everywhere to the right of O. The take-off angle at O, θ (0), measured relative to the horizontal, turns out to be an important parameter. After leaving O and reaching its highest point, the rope is assumed to fall into an infinitely deep pit.
It turns out that there is a critical relationship between v 0 and the dissipation parameter φ, derived in §3, which distinguishes between two different types of motion. To see the difference, imagine that point A is a long way into the pit, so that the rope is falling nearly vertically. One type of motion occurs when, deep into the pit, the gravitational potential energy lost by a small piece of rope falling a fixed distance, which will be almost vertical, is exactly balanced by the work done against drag by the same piece of rope, moving over the same distance. The special value of What is modelled in this paper: the motion of the rope for σ ≥ 0, where σ , the arc length of the rope, is measured from point O.
v 0 at which this happens is v ter , the natural terminal speed of the rope, and energy is conserved without recourse to a tension that varies along the rope.
Interestingly, our mathematical model turns out to be valid for a range of rope speeds, that is, not only for v 0 = v ter , which we refer to from now on as the 'free' case. Although it is not the main thrust of the paper to interpret solutions for v 0 = v ter , neither is it to consider conditions at O that would give rise to such solutions, we give a number of indicative numerical results for 0 < v 0 ≤ v ter , which we refer to as the 'braked' case. One thing is clear about such solutions, which is that they require the tension to vary along the rope as arc length increases, and this is not the case when v 0 = v ter .
The rest of the paper is organized as follows: we describe our model in §2 and some numerical results coming from the model in §3. The paper ends with some conclusions in §4.
A continuum model of the rope fountain
We begin with what amounts to a Lagrangian description of (the midrib of) an inextensible rope. Let s be a parameter representing the position of a particle s units along a semi-infinite rope, and suppose that at time t = 0 the rope occupies an initial configuration described by {r(s, 0): s ≥ 0}. The frame of reference is chosen so that gravity acts along −e 2 , where e 2 is the unit vector (0, 1) T . By further supposing that |r s (s, 0)| = 1, where the subscript s denotes differentiation with respect to the first argument of r, we may assume that s in fact represents arc length, and it is this choice that will encode inextensibility. Next, assume that the whole rope is flowing with speed v(t) > 0 at time t. It is a priori possible for a rope to flow at a speed that varies with time, as a simple thought experiment shows; our goal here is to derive the equations of motion allowing for this possibility and then to rigorously eliminate it. The particle initially s units of arc length along the rope will now be
units of arc length along, and so its position in space may be described by
provided the graph {r(σ , t): σ ≥ 0} describes the shape taken up by the rope at time t. It may help to think of {r(σ , t): σ ≥ 0} as a pipe, whose shape may change with time, and through which the rope is flowing at time t. We can then 'follow' the motion of a particle initially at physical position r(s, 0) = x(s, 0) through the pipe using the prescription (2.2). Assuming that the shape of the pipe through which the rope is imagined to flow does not change with time, the rope is said to occupy a 'standing curve', which will naturally have the property that r t (Σ, t) = 0 for all Σ and t, where the subscript t refers to differentiation with respect to the second argument of r(Σ, t). To see this, let x(s 0 , t 0 ) be an arbitrary point on the rope and note that x(s 0 − t 0 +h t 0 v(t) dt, t 0 + h) represents the same point for all h. According to (2.2) , this implies that
But, by definition of Σ,
so, by (2.3), we must have r(Σ(s 0 , t 0 ), t 0 + h) = r(Σ(s 0 , t 0 ), t 0 ) for all h, whence the claim. Letting
x(s, t) = r(Σ(s, t)), (2.4) we see that the arc length s represents a Lagrangian coordinate and the map r • Σ describes the flow. We also see that, since r s is a unit vector, we can suppose that
for some function θ = θ(Σ) to be determined, and where e R (θ) := (cos θ, sin θ) T . We suppose that the tension T(s, t) in the rope acts tangentially, so that
where τ (σ ) is a scalar function and σ denotes a generic value of the function Σ defined in (2.1). The dependence of T on Σ only is consistent with the constitutive assumption that the rope's material response does not change with time: it does not degrade or weaken, for example. Such behaviour could be captured by choosing τ = τ (σ , t), but we do not do this. Note carefully that τ may take negative values, which would merely indicate a tension opposing the direction of travel of the rope. Although equation (2.6) below is well known (see for example [4, eqn (2.2.9)]; to convert from Antman's notation to ours, the reader should take r = x, ρA = μ, contact force n = T and body force f = −μge 2 − φ∂ t x), we include the following derivation for completeness. For the purposes of the derivation, we assume that the motion does not undergo shocks. Let μ be the constant mass density of the rope, let σ and h be such that 0 < σ < σ + h and suppose that h is so small that the following argument applies. Using Newton's second law to balance the forces acting on the small piece of rope between x(s, t) = r(Σ(s, t)) and
Recall that the term −φh∂ t (x(s, t)) represents a drag force acting on the element of rope under consideration. On dividing by h and letting h → 0, we obtain
where, as usual, g is the acceleration due to gravity. By substituting (2.4) and (2.5) into (2.6), the equations of motion become
where e θ (θ ) := (− sin θ, cos θ ) T . Taking inner products with e R (θ) and e θ (θ) yieldṡ
and respectively, where γ := μ −1 . Note that, by fixing Σ(s, t) in (2.1) and varying t in (2.8), it follows that v 2 must be independent of t. Let v = v 0 henceforth be the constant speed of the rope, and let us record the new versions of (2.7) and (2.8), which result:
Define the prefactor of θ in (2.10) by
We now require conditions that allow us to solve (2.9) and (2.10) and, in particular, to obtain smooth solutions of those equations. Given suitable initial conditions, it is possible to find solutions that are C 1 , i.e. continuously differentiable. A bootstrapping method, which is explained below, then delivers the higher regularity needed. Proof. Using a standard argument (e.g. [9, theorem 1.260]), there is σ 1 > 0 and continuous functions θ and τ solving (2.9) and (2.10) on [0, σ 1 ). We may assume without loss of generality that B(σ ) = 0 for 0 ≤ σ < σ 1 , and so (2.10) can be rearranged to read θ = −(g/B(σ )) cos θ(σ ), whose right-hand side is well defined and is, in particular, continuous in σ and Lipschitz in θ on [0, σ 1 ), and hence whose solution θ is unique and Lipschitz by well-known ordinary differential equation (ODE) theory (such as [9, theorem 1.261], for example). This implies, via (2.9) and (2.10), that both θ and τ are C 1 (because the right-hand sides of each of these equations are continuous) and that τ is unique (because θ is and τ (0) is specified). Referring again to (2.10), it follows that θ is C 1 , so that θ is also C 2 . By (2.9), therefore, τ must be C 2 . Proceeding in this way, it must be that both θ and σ are smooth and unique on the interval [0, σ 1 ), and it is clear that the same techniques will continue to work on the interval [0, σ * ), as claimed.
Suppose for now that the assumptions of proposition 2.1 are in force and that θ (σ ) > 0. Then, (2.10) can be solved for B, and the resulting expression differentiated with respect to s to give
Substituting this in (2.9) gives, on suppressing the dependence on σ for brevity,
This can be integrated by defining the dimensionless quantity
and treating the resulting equation as a nonlinear ODE in the independent variable σ . The method is to rewrite the equation as
and to use the integrating factor A := | sec θ ||F(θ)| −ρ/2 . The function F is given by F(θ) := sec θ + tan θ . It follows that A √ θ is a constant in σ and hence that
for σ in a suitable interval and where C + is a constant. When θ (σ ) is negative, a similar argument gives for some constant C − . We will later see that the two types of solutions cannot be mixed if −2 < ρ ≤ 0. For now, let us suppose that θ (σ ) < 0 along a piece of flowing rope of arc length σ 0 , say, and that, for 0 ≤ σ ≤ σ 0 , it is the case that −π/2 < θ(σ ) < π/2. Suppose further than θ evolves according to θ (σ ) = −C 2 cos 2 θ (σ )|F(θ (σ ))| ρ ), where, for brevity, we write C in place of C − . We claim that, under these circumstances, this first-order ODE can be integrated to obtain an implicitly defined solution θ (σ ). Letθ = θ + π/2 and consider the substitution u = tan(θ/2). Notice that F(θ) = u, that 0 < u < +∞ (owing to the assumption about the range of θ) and that the ODE then transforms to
Recalling that ρ < 0, we see that
where σ is an arbitrary arc length between 0 and σ 0 . The result is
This can be more easily understood by defining
Since G (θ ) = 1/2 sec 4 (θ/2) tan |ρ|−2 (θ/2) > 0, the function G is strictly increasing and is in fact smoothly invertible. Hence, θ (σ ) is given implicitly by (2.19), as claimed. We remark that G is dimensionless, which implies that the constant C 2 must have units of length −1 . The argument given above relies on the assumption about the range of θ, namely that θ only assumes values in the set (−π/2, π/2). This assumption can be justified rigorously provided the parameter ρ satisfies −2 < ρ ≤ 0, as we now show.
Proof. By proposition 2.1, θ is in particular a smooth solution to (2.12) on [0, σ * ). Of the two first integrals to this equation, (2.14) and (2.15), the initial condition θ (0) < 0 requires us to suppose that (2.15) holds for 0 < σ < σ 1 , where σ 1 ≤ σ * . It follows that θ(σ ) ≤ θ(0) < π/2 as long as (2.15) continues to hold. Switching between the two first integrals would only be possible if there existed σ 0 such that
Since we can assume that at least one of C ± is not zero, the last equation is easily seen to imply that θ (σ 0 ) = ±π/2. We can rule out θ (σ 0 ) = π/2 because θ(σ ) < θ(0) < π/2 for all σ ∈ (0, σ 1 ), so, by continuity, θ (σ 0 ) ≤ θ (0) < π/2. Hence, θ (σ 0 ) = −π/2 and, by the calculation above, θ (σ 0 ) = 0. Otherwise, if no switching occurs, we can suppose for a contradiction that there is σ 0 such that θ (σ 0 ) = −π/2, and hence, from (2.15) and continuity, that, again, θ (σ 0 ) = 0 . The rest of the proof is devoted to ruling out the possibility that θ(σ 0 ) = −π/2 and θ (σ 0 ) = 0. Letθ(σ ) = θ (σ ) + π/2, and note that in terms ofθ (2.12) is
so that, for sufficiently smallθ, we must have
It follows that ifθ (σ ) is sufficiently small and positive, which it must be if σ 0 is the smallest arc length beyond σ 1 at which θ (σ 0 ) = −π/2 is supposed to hold, thenθ < 0 in a neighbourhood of σ . In particular,θ is locally concave. It should now be intuitively clear that if bothθ(σ 0 ) and θ (σ 0 ) vanish and ifθ(σ ) > 0 for σ 0 − h < σ < σ 0 for some small, positive h, then this contradicts the concavity ofθ on the interval (σ 0 − h, σ 0 ). To see this analytically, let the affine function y be defined by
Sinceθ and y agree at the points σ 0 − h and σ 0 , and sinceθ is concave on the interval (σ 0 − h, σ 0 ), we must haveθ (σ ) ≥ y(σ ) there. This inequality can be rearranged to read
Proposition 2.2 implies the following result.
Corollary 2.3. Let B(σ ) be defined by (2.11) and suppose that θ and τ evolve according to (2.9) and (2.10). Suppose further that the assumptions of proposition 2.1 are in force. Then (i) for any ρ ≤ 0, θ cannot assume the value π/2 within the domain [0, σ * ); (ii) if −2 < ρ ≤ 0, θ cannot assume the value −π/2 within the domain [0, σ * ); (iii) if −1 ≤ ρ ≤ 0, B is never zero. In particular, when −1 ≤ ρ ≤ 0, θ(0) ∈ (−π/2, π/2) and θ (0) < 0, the solution θ is given in implicit form by (2.19) .
Proof. As before, the assumptions imply that at least one of the first integrals (2.14) and (2.15) must hold. Supposing without loss of generality that (2.14) holds, substituting it into (2.10) gives
Rewriting this in terms of the variableθ , we find that
.
If θ (σ ) = π/2 modulo 2π , then |B| becomes infinite, contradicting the smoothness (and hence boundedness) of τ , thereby proving part (i). Part (ii) follows from the proof of proposition 2.2, although note that in the case |ρ| < 1 it also follows from the argument just given for part (i). Finally, to prove part (iii), note that if −1 ≤ ρ ≤ 0, then the expression for B(σ ) cannot vanish for any real σ . It follows from this that the solutions θ and τ are unique and smooth for all values of σ (subject to suitable initial conditions, as before). The last assertion of the corollary then follows by noting that, under the assumptions stated there, θ(σ ) ∈ (−π/2, π/2) for all σ . By inspection, the function θ defined implicitly by (2.19) together with its corresponding τ solve (2.9) and (2.10) on [0, ∞). Hence, by uniqueness, they are the solutions on that interval.
We remark that the result above demonstrates in passing that, when −2 < ρ ≤ 0, an initially decreasing solution cannot later be 'mixed' with an increasing solution. For the same range of ρ, proposition 2.2 also rules out smooth standing curve solutions to the equations of motion which 'self-intersect': such curves would require an associated θ to take the value −π/2, which, as we have seen, is not possible when subject to the initial conditions stipulated. When ρ ≤ −2, for σ < σ * . Then, since | sin θ | ≤ 1 for all θ ,
for the same range of σ . Note that, when ρ < −1, the lower bound −μg(ρ + 1) is strictly positive, so that τ is strictly increasing.
(a) Conditions at the rope source
The ODEs we have been considering clearly require information about the behaviour of τ and θ at the 'source' of the rope fountain, corresponding to σ = 0 in our notation. Note that if τ (0) is known then, by proposition 2.1, θ (0) is also known since it obeys (2.10) evaluated at σ = 0. This is useful, since eliminating τ altogether from (2.9) and (2.10) leads to the second-order ODE (2.12) for which θ(0) and θ (0) are known. Let us, therefore, formally derive the conditions that must be in force at the rope source. Consider a small portion of rope of length h, say, that is brought into motion by the rest of the (moving) rope. The work done by the tension over a distance h is approximately τ (h)h and the drag force does work −φv 0 h 2 . Together, these provide kinetic energy μv 2 0 h/2 and gravitational potential energy μg sin θ (0)h 2 . Therefore, We recognize (2.23) as (2.9) evaluated at σ = 0. Equation (2.22), by contrast, represents new information, which implies that the hypothesis τ (0) = μv 2 0 of proposition 2.1 holds. In other words, the condition needed to ensure uniqueness and smoothness of the solution pair (θ, τ ) on an initial section of rope can be derived.
To connect θ(0) and θ (0), suppose that −2 < ρ ≤ 0, θ(0) ∈ (−π/2, π/2) and θ (0) < 0, so that θ evolves according to θ = −C 2 − cos 2 θ |F(θ )| ρ . Substituting this in (2.10), it can be seen that Table 1 . Names, symbols and numerical values to 2 s.f. for the parameters for the practical rope fountain shown in the videos [5, 6] . The fixed values do not change once the experiment has been set up, and the derived parameters are computed from these. Thus, θ (0) is completely determined by θ (0) and v 0 once the conditions at the rope source are taken into account; therefore, this pair is as valid as the initial conditions θ(0) and θ (0), for example.
Numerical results
To find realistic order-of-magnitude estimates for the rope fountain parameters, we did a simple experiment in which a 35 m climbing rope was coiled into a bin, which was held over a vertical drop of 12.5 m. The leading end was pulled over the rim until there was sufficient weight of rope hanging below the rim to start a rope fountain-see [5] . In a further experiment, the same rope was marked by wrapping tape around it at 1 m intervals. By noting the positions of the tape when viewing the video frame by frame, the rope speed can be estimated-see [6] . The parameter values relevant to the experiments and quantities deduced from them are given in table 1.
In the experiment, the video frame rate was first estimated by filming a mobile phone stopwatch, which reads to 0.01 s, given the rate V ≈ 16 frames s −1 . The last part of the marked rope to leave the bin was then filmed, from which we established that the rope takes approximately n f = 3 frames to move 1 m, given an experimental value of v 0 = V/n f = 5.3 m s −1 . Now, assuming that this value of v 0 is an approximation to v ter , we have that ρ = −φv 0 /μg = −1, giving an estimate of φ, φ exp = μg/v ter = 0.12 kg m −1 s −1 . This experiment is simple, crude even, but serves to give at least an order-of-magnitude approximation to the important parameters v ter and φ exp . We are now in a position to compute some rope shapes by solving equation (2.19) numerically. Assuming that we do not want to fix ρ, several possible parameter sets exist, but there are good reasons for choosing {v 0 , φ = φ exp , θ(0)} as the 'input' parameter set. The first reason is that, from these and some of the fixed parameters (μ, g), we can compute everything needed to evaluate G(θ; |ρ|), as we shall see. The second is that the experiment just discussed suggests at least approximate values for v 0 (=v ter ) and φ (=φ exp ), leaving us with effectively only one free parameter, θ (0), for free motion, and two, v 0 and θ (0), for braked motion.
To amplify the first point, we start from (2.27), θ (0) = −2g cos θ(0)/v 2 0 , to find θ (0) from the input parameters. Then, from (2.15) at σ = 0, with C − replaced with C, we have that
where ρ = −φv 0 /μg depends on two of the input parameters. Note that θ (0) < 0, so C 2 > 0, for θ (0) ∈ (−π/2, π/2), the sign of θ (0) according with intuition-we would not expect the tangent to the rope to steepen immediately after take-off. Hence, given numerical values for v 0 , φ and θ(0), we now need to solve equation (2.19) in the form
for θ (σ ), for σ ≥ 0. In the case −1 ≤ ρ < 0, we have G(θ; |ρ|) → ∞ as θ → π/2 and G(θ; |ρ|) → −∞ as θ → −π/2. Under these conditions, G(θ ) is monotonically increasing, as shown after equation (2.19) , and maps (−π/2, π/2) to R; hence there is exactly one solution θ(σ ) for each σ ∈ R. See figure 2 for plots of G(θ) for ρ = −1 (free) and ρ = −0.75 (braked). We now discuss the significance of the special case ρ = −1, which obtains, by the definition of φ exp , when v 0 = v ter . Uniquely, this case models a free, as opposed to braked, rope fountain, as mentioned in §1. Recalling that the rope is infinitely long, moving at speed v 0 and falling into a bottomless pit, dissipation ensures that, a long way into the pit, the velocity is nearly vertical:
x ≈ −e 2 v 0 . Considering a length δσ of rope here, the potential energy lost when it falls through a distance δy is μgδσ δy, and the work done against drag is φv 0 δσ δy. The kinetic energy, meanwhile, is constant, because v 0 is. Hence, by applying the conservation of energy to this section of rope, we have μg = φv 0 = −ρμg. Therefore, conservation of energy for the freely falling rope implies that ρ = −1. By contrast, ρ = −1 implies that the motion of the rope is braked rather than freethat is, its speed v 0 obeys 0 < v 0 < v ter . Energy is of course still conserved, but now only when the work done by the tension is also taken into account, as we shall see shortly.
In what follows, we consider two cases, with the experiment guiding our choice of parameter values.
Free motion: ρ = −1, φ = φ exp = 0.12 kg m −1 s −1 , so v 0 = v ter = μg/φ exp = 5.3 m s −1 .
Braked motion: choose ρ = −0.75, say. With φ = φ exp again, we must now have v 0 = 0.75 v ter = 4.0 m s −1 .
To compute the rope shape for these parameter values, we first fix K, a large integer. We then consider a fixed length of rope, which we imagine to be cut into K pieces each of length σ := /K. Defining σ k = k σ , k = 0, . . . K, we then solve equation (3.2) for each value of σ k , finding a discrete set of values of θ , θ k := θ (σ k ), k = 0, . . . K.
At this point, we note that the Whewell equation [10] for a plane curve is an expression for the angle, θ(σ ), that the tangent to the curve makes relative to a fixed direction, as a function of arc length, σ , measured from a fixed point. The discrete set Θ := {(σ k , θ k ), k = 0, . . . K} is effectively a discretized version of the Whewell equation for the rope. To approximate the actual rope shape, S := {(x(σ k ), y(σ k )), k = 0, . . . K }, where σ k = /K and K is not necessarily equal to K, one way to proceed is as follows.
(i) Use an interpolation scheme on the set Θ so that we can approximate θ(σ ) for any σ ∈ [0, ], rather than just at the discrete points σ k . Cubic splines [11] are an efficient way to do this. The resulting function θ (σ ) is an approximation to the Whewell equation for the shape of the rope. (ii) Then, considering a length σ of rope and letting σ → 0, we have dx dσ = cos θ (σ ) and dy dσ = sin θ(σ ).
To find the rope shape in the parametric form (x(σ ), y(σ )), we require the integral between 0 and σ , 0 ≤ σ ≤ , of the right-hand sides of these expressions. Numerically, an efficient way to compute this is by using a standard numerical ODE solver, with initial conditions x(0) = y(0) = 0. (An ODE solver is more suitable than a numerical integrator because we require x(σ ), y(σ ) at many values of σ ∈ [0, ].)
The interpolation step is necessary because any (even slightly sophisticated) numerical ODE solver will be adaptive and so will need to evaluate cos θ(σ ) and sin θ(σ ) for arbitrary values of σ . Two rope shapes have been computed, one free and one braked-see figure 3 , for which we used K = 100, K = 1000. Our choice of θ (0) was guided by the experiment. To set the scale, bear in mind that the height of the bin in [5] is 0.28 m. Note that the fountain, at its highest, appears to reach about this same distance above the rim. Therefore, in the simulations, we tried various values of θ (0) until we obtained a maximum height, y max ≈ 0.56 m. In fact, for θ (0) = 1.15 rad, we find y max = 0.564 m in the free case. From the video, we might expect θ(0) to be closer to π/2 than this, but we must recall that the rope is taking off approximately from the horizontal, so it is difficult to say exactly what the actual take-off angle is-not only is the rope, in reality, piled in the bin in a disordered way, but also take-off does not take place at a single point, but rather over a range of values of arc length. In the braked case, we chose the same value of θ(0) but used v 0 = 0.75v ter = 4.0 m s −1 , giving ρ = −0.75 and resulting in y max = 0.35 m. The maximum height is lower, an intuitively reasonable consequence of the reduced rope speed.
As set out above, it is straightforward to compute y max as a function of v 0 according to our model. We plot y max versus x = v 0 /v ter for θ (0) = 1.15 in figure 4 . This curve is well modelled by the parabola y max = −0.045732 + 0.26447(v 0 /v ter ) + 0.34639(v 0 /v ter ) 2 : the computed points, shown as small circles in figure 4 , lie almost exactly on this curve. Turning now to the tension, τ (σ ), we see from (2.24) that τ (σ ) = μv 2 0 − μg C 2 sec θ(σ ) tanθ(σ ) 2 |ρ| , so, knowing θ(σ ), it is straightforward to find τ (σ ). Figure 5 shows a plot of this in both the free and braked cases, as well as B(σ ), defined in (2.11), which we require in proposition 2.1 to be non-vanishing, this property being confirmed by the figure.
The graphs of τ in figure 5 reveal more about conservation of energy for large σ too. Once again, we consider the rope for large σ . Energy is conserved in the free case, as we have shown, without considering the tension. This is because, in that case, τ = dτ/dσ → 0 as σ → ∞, as suggested by figure 5. Contrast this with the braked case, in which τ = 0 as σ → ∞. Considering as before a length of rope δσ , at arc length σ , falling a vertical distance δy, we have that the potential energy lost = μg δσ δy and the work done against drag is φv 0 δσ δy. The work done by the tension is [τ (σ + δσ ) − τ (σ )]δy = τ δσ δy. Therefore, the equation for energy conservation when the motion is vertical is μg + τ = φv 0 , which is just equation (2.20) with θ = −π/2. This explains the fact that the graph of τ (σ ) for large σ has gradient zero in the free case and negative gradient in the braked case.
Both [1] and [2] approximate the rope shape as a catenary, essentially a curve of the form y = a cosh(x/a) with a constant. From our mathematical description of this curve, we can show that this is a good approximation for ρ → 0, but not otherwise. The Whewell equation [10] for a catenary of the form just given is tan θ = σ/a, from which it can be easily shown that
the latter being a catenary that passes through the origin. Let us now set φ = 0, so that ρ = 0; 2 from (3.1) at ρ = 0, we have C 2 = 2g/(v 2 0 cos θ (0)). Now, setting t = tan(θ/2), we have G(θ ) := G(θ; 0) = − cot θ 2 + π 4 + tan θ 2 + π 4 = 4t 1 − t 2 = 2 tan θ.
Hence, the Whewell equation for the rope when φ = 0 is tan θ = G 0 /2 − C 2 σ , where G 0 = G(θ(0)), and this is exactly a catenary of the form in (3.4) , provided that a = −1/C 2 = −v 2 0 cos θ(0)/2g and x 0 = −a arcsinh(tan θ (0)). The implication is that, for small ρ, the rope shape is approximately a catenary, and this is borne out by figure 6. Here, we plot as a continuous line the solution to (3.2) with φ = 0.1φ exp , v 0 = v ter , so that ρ = −0.1, and θ(0) = 1.15, and, as a dashed line, the 
